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Summary. — In this paper I give a short update on recent advances in Lattice
QCD calculations of quantities relevant for ﬂavour physics. The aim is to give an
overview of the state of the art of lattice calculations and to point out the main
related issues. I summarize the present status of Lattice QCD machinery and then
I focus on a couple of selected results, fK /fπ and fD(s) , using them as examples for
discussion.
PACS 12.38.Gc – Lattice QCD calculations.

In this paper I wish to give a brief update on the state of the art of Lattice QCD
(LQCD) calculations of quantities relevant for ﬂavour physics, namely weak operators
matrix elements. Rather than aiming to give a complete review and to provide the latest
numbers, I will focus on a couple of selected results which are new with respect to the
IFAE2008 LQCD review talk [1] and use them as examples to point out some typical
issues relevant for LQCD calculations.
I will ﬁrst comment on the current status of precision lattice calculations. I will
then discuss the recent results for fK /fπ , which can be taken as a paradigm for precise,
modern lattice calculations. I will then give an update on D-mesons decay constants and
comment on the so called fDs puzzle.
1. – Lattice QCD precision era
The precision of the experimental measurements of quantities of interest for ﬂavour
physics has now reached the percent level (even better in some cases). Therefore, it is
important for the theoretical determinations of the relevant hadronic quantities to match
such precision. The precision of LQCD calculations is, in principle, arbitrarily improvable
since it essentially depends only on machine power and on the algorithms employed. In
the last few years there has been considerable progress in both these directions (see for
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instance ref. [2] for a broad LQCD status report), which allows us to claim we are now
entering the era of precision LQCD calculations.
On the one hand, the advent of Tﬂop machines allowed to go beyond the quenched
approximation, in which sea quarks loops are neglected. This is quite relevant, since
quenching introduces a systematic error which can only be estimated by comparing the
quenched result with the corresponding full QCD (unquenched) value. The state of the
art is represented by simulations with Nf = 2 (degenerate u/d quarks) and Nf = 2 + 1
(degenerate u/d and s) ﬂavours of dynamical quarks. I should mention that there is also
ongoing eﬀort towards Nf = 2 + 1 + 1 simulations [3].
On the other hand, improvements in simulation algorithms made it possible to easily
simulate on the lattice light quarks with masses well below ms /2. This allows to rely
on the predictions of Chiral Perturbation Theory (ChPT) in the extrapolations to the
physical point.
In particular, a recent breakthrough is represented by the pioneering work of the
PACS-CS Collaboration [4], which simulated on the lattice quarks almost as light as the
physical ones (mlat
π  156 MeV). Their results may still suﬀer from ﬁnite-size eﬀects
(FSE) since the spatial extent of the simulation is such that mmin
π L ∼ 2.3, while FSE
can be under control only with a value of at least 4. Nevertheless, such work is a very
important step and opens new perspectives towards realistic QCD simulations.
Despite these remarkable developments, it has to be admitted that systematic errors
in the unquenched measurements available nowadays are not always well under control,
in contrast with recent (less expensive) quenched simulations. In this respect, much
work still has to be done in the context of unquenched simulations. It is important
to note that calculations done with diﬀerent lattice formulations (fermionic and gauge
actions) are aﬀected by diﬀerent systematic errors. Therefore it is a crucial check of
LQCD methods to verify that they give consistent results in the continuum limit. For
instance, this could help in clarifying the issues concerning the so-called fourth root trick
in the evaluation of the fermionic determinant in the staggered formulation (see ref. [2] for
some comments and references). Indeed, despite the hints which come from comparison
of lattice results with experimental observables, a proof that QCD is the continuum limit
of staggered lattice QCD is still missing. Still, quite often only a few (sometimes just
one or none) independent unquenched determinations of a given physical quantity are
available. Moreover, ﬁnite volume and discretization eﬀects are not always well accounted
for and non-perturbative renormalization is not always implemented.
2. – A paradigm: fK /fπ
In order to clarify the above comments, I want to dwell on a speciﬁc example which
I would take as a paradigm for precise lattice calculations. The ratio of the K-meson
and π-meson decay constants (fK /fπ ) represents indeed one of the few unquenched
LQCD results in which systematics are well under control. A collection of unquenched
calculations, obtained from Nf = 2 and Nf = 2 + 1 lattice simulations, is shown in
ﬁg. 1(a).
I would like to point out that most of these lattice measurements employ diﬀerent
lattice formulations for fermions (staggered quarks, twisted mass fermions, domain wall
fermions, Wilson fermions). The NPLQCD, MILC, HPQCD and ALV collaborations use
the publicly available MILC gauge ﬁeld ensembles, while the others have independetly
generated their own gauge conﬁgurations.
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Fig. 1. – (a) Shows unquenched results for fK /fπ [4-13]. The experimental value is inferred
from [14]. (b) Shows unquenched results for fDs [6, 10, 15-17]. A star denotes preliminary
results.

One can appreciate the overall excellent agreement between the many lattice measurements and the experimental determination [14] (which takes |Vus | from K3 decays).
It is worth noting that, in principle, quenching the strange quark is expected to have
some eﬀect. Nevertheless it can be seen, by comparing Nf = 2 and Nf = 2 + 1 results,
that this source of error is still less important than the other ones. This observation
holds for any other quantity (including the mass of the Ω baryon, which consists of three
strange quarks).
The above lattice simulations are performed with mud  ms /2 and the data show
evidence of the chiral logs predicted by ChPT. This gives us conﬁdence that it is sensible
to perform ChPT ﬁts, thus not having to rely on arbitrary ansatzs for the dependence on
the pion mass. SU (2) performs quite well, at variance with SU (3) which typically fails
because in Nf = 2 + 1 simulations the strange quark is not degenerate with the others.
As regards the continuum limit, excluding the calculations of NPLQCD, RBCUKQCD and PACS-CS, every other lattice result has been extrapolated to zero lattice
spacing by including in the analysis simulations performed at least at three diﬀerent
lattice spacings.
Finally, ﬁnite-size eﬀects are safely taken into account in all of the above measurements
(except for the aforementioned PACS-CS one).
3. – The D-mesons decay constants and the fDs puzzle
The CKM matrix elements |Vcs | and |Vcd |, which control the leptonic decay rates
for the processes Ds+ → + ν and D+ → + ν , are well constrained by the unitarity
of the CKM matrix in the Standard Model. The above decay rates have been recently
measured with a great accuracy at BaBar [18], Belle [19], BES [20] and CLEO-c [21-23]
and the decay constants fDs and fD have been extracted by making use of the predicted
values for the relevant CKM matrix elements. A comparison with the theoretical LQCD
predictions can serve as a valuable crosscheck of lattice methods, in order to give us
conﬁndence in applying the same methods in the B sector.
There has always been excellent agreement between LQCD predictions for fD and
its experimental determinations. Instead, in the past few years there has been some
tension between theory and data in the Ds sector, usually reﬀered to as the fDs puzzle
(see ﬁg. 1(b)). The extremely accurate (1%) determination published by HPQCD [10] is
almost 3 σ away from the PDG2008 [24] average and possible new physics explanations
were invoked in ref. [25].
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With respect to the last year, there have been some news both from the experimental
and the theoretical sides. On the one hand, the recent higher statistics, improved experimental determination provided by CLEO-c [22, 23] lowered this tension to the 2.3 σ level
and weakened its interpretation as a new physics eﬀect. On the other hand, ETMC [6]
produced new results for fDs and fD (with Nf = 2 dynamical twisted mass quarks at
three lattice spacings and two diﬀerent volumes) with 3% and 4% accurcacy, respectively.
Both their determinations are in very good agreement with the other lattice data, thus
providing an independent check of lattice methods. For what concerns fD , this strenghtens the full compatibility between lattice and experimental determinations. As far as fDs
is concerned, even if well aligned to the other lattice data, the result from ETMC is in
better agreement with the new CLEO-c measurement than the HPQCD result. Still, this
might be due to the larger errors quoted. Further details about the analysis performed
by HPQCD to get their impressive precision would be very welcome in order to better
understand the discrepancy.
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